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Based on the computerized symbolic computation system Maple and a Riccati equation, a new
generalized Riccati equation expansion method for constructing non-travelling waves and coefficient
functions’ soliton-like solutions of nonlinear evolution equations (NEES) is presented by a general
ansatz. Compared with most of the existing tanh methods, namely the extended tanh-function method,
the modified extended tanh-function method and the generalized hyperbolic-function method, the
proposed method is more powerful. By use of the method one can not only successfully recover
the previously known formal solutions but also construct new and more general formal solutions for
some NEEs. The cylindrical Korteweg-de Vries (CkdV) equation, a Potential Kadomstev-Petviashvili
(PKP) equation, the two-dimensional KdV-Burgers equation are chosen to illustrate our method such
that rich new families of exact solutions, including the non-travelling wave soliton-like solutions,
singular soliton-like solutions, periodic form solutions are obtained. When taking arbitrary functions
of the solutions as some special constants, the known travelling wave solutions of the PKP equation,
two-dimensional KdV-Burgers equation can be recovered.
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1. Introduction

In recent years, directly searching for exact solu-
tions of nonlinear evolution equations (NEESs) has be-
come more and more attractive, on one hand due to
their occurrence in many fields of science, physics as
well as chemistry and biology, and the interesting fea-
tures and rich variety of their solutions, on the other
hand due to the availability of computer systems like
Maple or Mathematica, which allow to perform com-
plicated and tedious algebraic calculations and differ-
ential calculations on a computer such that one may
find new exact solutions of NEEs. Many powerful
methods have been developed, such as, the inverse
scattering method, Béacklund transformation, Darboux
transformation, Hirota method [1-5], tanh method
[6-10], extended tanh-function method [11, 12], mod-
ified extended tanh-function method [17], generalized
hyperbolic-function method [18,19], etc. Particularly,
various ansatze have been proposed in order to obtain
new forms of solutions.

The tanh method [6-10] is a most effectively
straightforward method to construct exact travelling
wave solutions of NEEs. Recently, Fan [11,12] has
proposed an extended tanh-function method. More
recently, Fan et al. [13], Yan [14-16] and Li et
al. [20-23] further developed this idea and made it
much more lucid and straightforward for a class of
NEEs. Most recently, Elwakil et al. [17] modified
the extended tanh-function method and obtain some
new formal exact solutions. To obtain the soliton-
like solutions for NEEs, Gao and Tian [18,19] pre-
sented a generalized hyperbolic-function method. As
we known, when applying a directed method, the
choice of an appropriate ansatz is of great impor-
tance. In this paper, based on [6—23], by introducing
a new more general ansatz we present a generalized
Riccati equation expansion method. Then we choose
the cylindrical Korteweg-de Vries equation, the Po-
tential Kadomstev-Petviashvili equation and the two-
dimensional KdV-Burgers equation to illustrate our al-
gorithm and obtain rich new families of exact solu-
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tions, including non-travelling wave soliton-like solu-
tions, singular soliton-like solutions, and periodic form
solutions.

2. Generalized Riccati Equation Expansion
Method

We establish the generalized Riccati equation ex-
pansion method as follows:
Sep 1. For a given NEE with a physical field

ux,y,t)
H (U, U, Ux, Uy, Uxx, Uxt, Uxy, Uyt - ) =0 (2.1)

we express the solutions of (2.1) by the new more gen-
eral ansatz

3

UOY) =80+ Y, [ai0'(€) +bio 1 (E)y/R+92(¢)

1

+kio ()], (22)
where m is an integer to be determined by balancing
the highest order derivative terms with the nonlinear
terms in (2.1). Ris a real constant. ag = ag, &, by, ki,
(i=1,---,m), and & are unknown functions of x, y
andt, and ¢ (&) satisfies

d9()
dé

Sep 2. Substituting (2.2) along with (2.3) into
(2.1), multiplying with the most simple common de-
nominator in the obtained system, setting to zero
the coefficients of ¢J(&)(v/R+¢%(&))" (j =0,1,-;
n=0,1) (Note: ¢'(&) denotes the j-th power of
¢(&) and (\/R+¢?(&))" denotes the n-th power of

R+ ¢2(&)), we obtain a set of over-determined par-
tial differential equations (PDES) with respect to un-
known functions ag, a;, b, ki (i =1,--- ,m)and &.

Sep 3. Solving the over-determined PDEs by use
of the PDEtools package of Maple, we end up with
explicit expressions for ag, &, b, ki (i =1,--- ,m) and
& or the constrains among them.

Sep 4. It is well-known that the general solutions of
Riccati equation (2.3) are

1. When R< 0,

—v/~Ritanh(v~R
¢(§)={ v=Rtanh(v-RE)

= R+ ¢%(&). (2.3)

; (2.4)
—+v/—Rcoth(v/—RE)
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2. When R=0,
¢(€)=—%, (2.5)
3. When R> 0,
{ VRitan(vRE)
= ) (2.6)
—VReot(vVRE)

Thus, according to (2.2), (2.4)-(2.6) and the con-
clusions in Sep 3, we obtain the soliton-like solutions,
singular soliton-like solutions and periodic form solu-
tions of (2.1).

Remark 1. The method proposed here is more gen-
eral than the generalized hyperbolic-function method
[18,19], tanh method [6— 10], extended tanh-function
method [11 - 16], and modified extended tanh-function
method [17]. Firstly, compared with the tanh method,
extended tanh-function, as well as the modified
extended tanh-function method, the restriction on
E(x,y,t) as merely a linear function of x,y,t and the
restriction on the coefficients ag, a;, bj, ki(i=1,--- ,m)
as constants is removed. Secondly, compared with the
generalized hyperbolic-function method, we can not
only recover the exact soliton-like solutions for given
NEEs, but also with no extra effect, find new and more
general solutions, such as singular soliton-like solu-
tions and periodic solutions. More importantly, we add
terms ki¢ (&) in the ansatz (2.2), so more types of
solutions can be expected for some equations.

Remark 2. For the generalization of the ansatz, nat-
urally more complicated computations are expected
than before. Even if computer symbolic systems like
Maple or Mathematica allow us to perform the com-
plicated and tedious algebraic calculations and differ-
ential calculations on a computer, in general it is very
difficult, sometime impossible, to solve the set of over-
determined PDEs in Step 2. As the calculation goes on,
in order to drastically simplify the work or make the
work feasible, we often choose special function forms
for ag, &, bj, ki (i=1,---,m) and &, on a trial-and-
error basis.

3. Applications of the M ethod

Example 1. The Cylindrical Korteweg-de Vries
Equation

Consider the cylindrical Korteweg-de Vries equa-
tion [2, 3]
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1
Ut + 6UUy + Usex + Zu=0.

In order to facilitate the computation, we change (3.1)
into the following form

(3.1)

2t (Ut + 6UUx + Uxxx) +U=0. (3.2)

By balancing the highest order contributions from both
the linear and nonlinear terms in (3.2) or (3.1), we ob-
tain m= 2 in (2.2). Therefore we assume for the solu-
tions of (3.1) the special form

u(xt) =xao(t) +-a1(t)$ (&) +a(t)9(£)?, (3.3)

where & = xp(t) +q(t) and ¢ (&) satisfy (2.3).

Substituting (3.3) and (2.3) into (3.2) and collecting
the coefficients of the monomials of ¢ (&) and x (Note
that ag, a1, ap, p and g are independent of x), then set-
ting each coefficients to zero, we obtain

24tayp(2p% +ap) =0, (3.4)
12ta; p(p? +3ap) =0, (3.5)
2tRay (g + 2Rp®) =0, (3.6)
12tagpay R+ 12tad + ap + 2tag + 2ta;Rpy =0, (3.7)
2tay; + 4tayRa + 12tajag + 12taspR (3.8)
+ 32tplaR% +a; =0,
4tRay(pt + 6agp) =0, (3.9)
36ta; pa;R+ 16t p°a R+ 2tay g (3.10)
+ 12tazag + ap + 2tay =0,

2tay (pr + 6agp) =0, (3.11)
4t(6a3pR+3aip+20p°aR+a,q) =0, (3.12)
4tay(pr + 6agp) =0, (3.13)

where p; = dp/dt, ai = da; /ot (i =0,1,2).

Using the powerful PDEtools package of Maple in
solving the set of partial differential equations (3.4)—
(3.13), we obtain the following non- trivial (i. e., p # 0)
solutions:

1 G
=1 B=-—

a1=0, 12t

(3.14)

2 v/ —2Cqt
= 4RC%, /- = - _
q 1 C]_t +C27 p ot

1,4
2 P

/[ 2 \/—2Cit
= 2 _—— =
q=4RC] it +C, p T

where Cq, C, are arbitrary constants.
Thus we can obtain the following solutions of (3.1):

and

a=0, a= (3.15)

X CiR Xy/—2Ct

_ S~ oM 2
U = ot n tanh |::|: o (3.16)
2 2
+ 4RCT _C_ﬂ+C2 ,R<O0,
X CiR 2 Xy/—2Ct
Ui = E — TCOth |::|Z T (317)
2 2
+ 4RCT _C_ﬂ+C2 ,R<0,
X CGR, Xy/—2Cqt
Uiz = ot + n tan |::|: ot (3.18)
2 2
+ 4RC] —C—lt-i-Cz ,R>0,
X CGR Xy/—2Cqt
Uis = ot + n cot |::|: ot (3.19)

2
i4Rcf,/—C—lt+Cz],R> 0.

Remark 3. It is necessary to point out that, when
setting

u(xt) = xao(t) +a1(t)$ (&) +az(t)9(&)?

+by(t)/R+ ¢(W)2+0(1)9(8)/ R+ ¢(5)?

+ka(t)/9(8) +ke(t)/0(8)?,

the over-determined partial differential equations can
not be solved by use of the PDEtools package of
Maple. Therefore we consider only the solutions of
(3.1) in the form (3.2).

Example 2. Potential Kadomstev-Petviashvili (PKP)
Equation

Let us consider a (2+1)-dimensional generalization
of the Korteweg de Vries equation of the form

(3.20)
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T uX 4/ Uydx =0, (3.21)
which describes the dynamics of 2-dimensional, small,
but finite amplitude waves and solitons in a variety of
media, for example, in plasma physics, hydrodynamics
and solid-state physics. Equation (3.21) is also derived
in various physical contexts assuming that the wave is
moving along x and all changes in y are slower than in
the direction of motion [2, 3].

For our purpose it is convenient to consider (3.21)
in the form

AUyt + Byl + Uyooox + 3Uyy = 0, (3.22)

which is often called PKP equation. Senthivelan [24]
considered the solitary wave solutions.

Proceeding as before, we assume that the solutions
of (3.22) have in the following three special forms:

kq

0(&)’
(3.23)

ul(Xayvt) = a0+a1¢(€) +b1 R+ ¢(5)2+

kg

6(&)’
(3.24)

UZ(X7y7t) = Xag +al¢(é) + bl R+ ¢(€)2+

Lk
¢(&)’
(3.25)

us(X,y,t) = X%ag + a9 (&) +byy/R+ ¢(£)2

where ag = ag(t), a1 = a1(y,t), by = bi(y,t), kg =
ki(y,t), & =xp(t) +a(y.t).

Case B:

b1 =C1,a1=Cy, kg =0,80 =Cay+GCs, p=

_Cl7q:
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Substituting (3.23) - (3.25), respectively, along with
(2.3) into (3.22), multiplying by ¢(&)%\/R+¢(&)2
in the obtained system, collecting coefficients of the
monomialsof ¢ (&), v/R+ ¢(&)? and x (Notice that ao,
a3, by, ki, pand g are independent of x), then setting
each coefficient to zero, we obtain three sets which are
respectively composed of 23, 24 and 25 partial differ-
ential equations with respect to the unknown functions
ap, a1, by, kg, p and g. For simplicity, we do not list
them. Solving these three sets, using Maple, we obtain
the following results (3.26)—(3.27).

Note: In the rest of this paper F1(t) and F,(t) denote

arbitrary functions with regardtot andC; (i=1,---,8)
are arbitrary constants.
Case A:
k1 =0,b; =Cy,a80 =FR3(t)y+Fs(t),aa =C1, p=—Cy,
1
9= 25 —(—tC{R+ (4Cy+ 4C,)Cy + 3tC%);  (3.26)
1 :0 bl :C17 al: _Cla p:C].a
4= e (tc4R+ (4Cgy + 4C,)Cy — 3tC2),
ao =Fi(t)y+ F(t); (3.27)
1
aO - Fl(t)y+ FZ(t)a bl = 07k1 = 07a1 :Cla p: _§C17
1
9= 5, —(—tC{R+ (8Cgy+8C,)Cy + 12tC%);  (3.28)
9=12c, R2 (tCf 4+ 2R (Cay+C2)Cy — 3tR*C3), kg =C,
_ o &
2o =FU)y+F(t),bi=0p=7z.a =7 (329

1

. 3.30
48C2C, (3.30)

: {27CfC2t3 + (72C3yt + 54C2t2C;)C3 + [ — 12CJRt + 72C3Cst + (48Cs -+ 48C7y)C? + 3ecltc$] C4 +8C3 };

b1 =Cy,ay=-Ci, ki =0,80 =Cy+c3, p=Cy,
_ 1
q_48c:§c:2

1
pz—icl,al=C1,k1=0,b1=0,ao=C2y+C3,

(3.31)

3 9
{12(:{’th2 ~72 [§c§t2 +Coy+ Cg] CotC3 + 48 [§C7t2C2 +Cs +Cry| CaC? — 36C,CitC2 + 809};

(3.32)
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1
U= —12c§>th2+72[§c§t2+c2y+c3}c2tc§+96c2[9t2c5c2+c4+yc5}c§+144czc1tc§+64c§ ;
96C2C; 8 8
C C 1
ki =Cp, b1 =08 =Cy+GCs,al = ——=, p= =, 0= ———5— 3.33
1 1, M1 , Ao 2y+ 3 R, p 2R7 q 96R2C12_C2 ( )

9
.{48c§tc2 _72RC, [3 /8C3t% + Coy + cg] C3+96 [§t2C5C2 +Cat yC5] REC,C2 — 144C,CptC2R® + 6ACIR! }

Case C:
1 1 1 C
b1=0a=—— — p=—s-" k= , 8= 3.34
1 1 Cit+CG)R P 2(Cit+ )R 1 Cit+G % 3(Cit+Cy) (3:34)
1 1 M3C3C4R? 4C,R’CS 12t2C2C4R’C,  12tCiC4R2CE
= cmore) IR T Ter  aios Sw T o TLVe
(Cit+C) t+&) t+&) (t+2) (t+&)
1
+ R[R(c4 +t2C3)C? 4 (2RC3tC, — §y2)C1 + chcs} };
1 C
k = = = — = — .
1=0.b=0a == P i) P T 3G G (3:35)
4 tS 3 2 202 4 3
4 { - %y L %c; 144tcg:4302 144t cézczicz N 8(:4CZC23 (Gt PG
(t+&) (t+2) (t+2) (t+2)
+(ZCCt+Ey2)C +C3C3 1 .
sal + 3 1+C3 Ct+ G2’
C 1 1 1
k=0 = by=—o— a = . p=-— , 3.36
L= 3ct16) T i T ot g PTG (3:36)
1 24C,C3 72t2C2 24t3C3C, T2t 2
o {1y |- oG o TG G mOEd, ¢ o
(t+2&) (t+&) t+&) t+&)
+(203Czt—gy2)C1+C3Q2 AT AN
3 (Cit +Cy)?’
1 1
k=0, a = ___G by = (3.37)

I TR (ST EN N L X SN LI ST IR,

_ { 1 J T2tC1CyC3  T2t2C2C4C, L3R4 24t3C3C4  24C4C3

y
3T\ (t+g)P  (t+)3 (t+@)2  (t+g)3
+ (Cy +12C3)C? + (2C3Cot + gyz)cl +C3C3 _t
. 3 (Cit +C)2°
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From (2.4), (2.6) and A) (3.23),(3.26)-(3.29); B)
(3.24), (3.30)—(3.33); C) (3.25), (3.34)-(3.37) re-
spectively, we can obtain corresponding solutions of
(3.21). For simplicity, we do not list them.

Remark 3.

1) When setting agp = ap(y,t) or when the coefficient
of ap are equal to f(x) in (3.23)—(3.25), solutions of
the corresponding over-determined PDESs can not be
obtained by Maple.

2) When setting the coefficient of ap equal to x*
or X2 in (3.23)- (3.25), from the corresponding over-
determined PDEs, only the trivial solutions withag =0
can be obtained. Therefore we only consider three
cases in this paper.

3) When setting Fy(t) = 0, R (t) = &g, C; = —2ker,
C, = 0 and C3 = kB in (3.28), the solutions obtained
from (2.4), (3.23), (3.28) are the same as solutions in
[24].

Example 3. The Two-dimensional KdV-Burgers Equa-
tion
The two-dimensional KdV-Burgers equation [8, 9,
13, 17, 25, 26] reads
(Ut + Uy — 0Uxx + By )x + YUy = 0. (3.38a)

Proceeding as before, we assume that the solutions of
(3.38) have the form

u(x,y,t) = ag + a1 (&) + apg (&)?

+ b1 + b9 (&)]

Lk ke

¢(8)  0%(8)’

where ag, a3, @y, by, by, ky and k, are functions of y and

t, & =xp(y,t) +q(y,t), all functions are differentiable
and ¢ (&) satisfies (2.3).

Substituting (3.38b) along with (2.3) into (3.38a),

multiplying ¢ (&) /R+ ¢(&)? in the obtained system,

collecting the coefficients of the monomials of ¢ (&),
vR+¢(&)? and x, then setting each coefficient to
zero, we can obtain a set which is composed of 55 par-
tial differential equations with respect to the unknown
functions ag, a1, ap, by, by, ki, ko, pand g. For simplify,
we do not list this set. Solving the set using Maple, we
can obtain the following non-trivial (i.e., p # 0 ) solu-
tions.

R+02(¢)

(3.38b)
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Case 1.

e 250083RyFy ()2 +30* — 25028
P=lov/me' ™~ 2502B ’
g=FR{)y+R(t),bh=bh=a=a=0,

3Ra? 60’R
ko — k= , 3.39
2= 55 = 5 (3.39)
Case 2.
o
p 10\/j?[37 1 2 1 9 )
3Ro? 6Ro?
ko= ——F, ki = ———rs,
258 25v/—RB
~ 2500B°RyF1(t)? + 30 — 25028
= 25021 :
q=Fi(t)y+Fa(t). (3.40)
Case 3.

o« _ 2500B3RyF1(t)? +30*— 25023
P=Tovrg'®~ 25028 ’
q= Fl(t)y—|— Fg(t), ki=ko=b;i=b,= 0,

30 602
Y=y = 3.41
27 28RB’ T 25)-RB (3.4D)
Case 4.

o 302
=—— = k=k=b=bp=0a=—r
p 10\/j?ﬁ’1 2 1 2 ’225R[3’
~ 2500B3RyFy(t)2 +30* — 25028

%= 25023 ’

a= % G_RMyiRO. (42

1= 25 /_—Rﬁ, q_ 1 y . .
Caseb.

302 3R
1 VR 1 25\/j?ﬁ’q 1(t)y+F(t),

302 3Ra? o

%= 1orp D1~ P2=0 ke = 1505 P= 555"

oo 20000B83RyFy (1) + 3 — 50028

50075 . (3.43)
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Case6.
302 302 302
alziyklz_ , dp = 5
25v/—RB 25v/—RB 100RB
3Ro?
by =by=0, kz—m,
_ 200003°RyFy(t)? + 3a* — 500023
N 50023 ’
o
-~ gq=Ft t). (3.44
p N q=F(t)y+F(t) (3.44)
Case’.
Rty Foft), ki — ko = 0, ay = 0%
q=r(t)y , K=Ky =0, 2_25R[3’
602 602
by = — it = — o,
25RB 25v/—RB
_ 625B3RyFy(t)2 + 60" — 25028
N 25023 ’
o 602
- b= 3.45
Case8.
602
by = %RE ,q=Fi(t)y+F(t), ki =k; =0,
g — 602 0 — 602
1_25 ,_—Rﬁ, 2_25RB7
_ 625B3RyFy(t)2 + 60" — 25028
N 25023 ’
o 6or?
_ by — . 3.46
P=—5/m " B R (3.46)
Case9.
by = 2% 4Rty -+ Falt), ki =k = 0
2—25RB,C]—1 y , K=Ky =0,
4 602 @ — 602
1T T2B/TRB 2T 25RB’
 625B°RyF(t)2 + 60" — 25028
N 25023 ’
o 602
- = b= 3.47
P=5/m T B Rs (3.47)

Case 10.

_ 625B3RyFu(t)? +60* — 25023

k:k:
2502B s ki=ky =0,

2 602 602

= v Rme 2 mrp )
q=Fi(t)y+F(t),p

I N 6o

5/-RB = 25/ _RB’

From (3.38b), (2.4) and Case 1— Case 10, we can

obtain the following three types of solutions for the

two-dimensional KdV-Burgers equation. Here we only
consider the tanh-type solutions.

Type 1. From Case 1-Case 4, we obtain the solu-
tions

a 6o
2~ 25RB’

2

=a+ 55 ba %55 tanh(\/_Rﬁ) + ﬁtanhz(\/_Rﬁ)
(3.49)

where R < 0, agp = (2500B°RyFy(t)? + 30*
2502B) /2502, & = —ox/10/—RB +F1(t)y+Fa(t).
Type 2: From Case 5—Case 6, we obtain solutions

—a [tanh(\/_Ré) + coth(\/_Ré)] (3.50)

+523 253

1?)0[3 [tanhZ(J_Rg)Jrcoth%J_Rg)]

where R < 0, ap = (2000083RyF(t)? + 3% —
5002B) /5002, & = —aix/20/—RB + Fy(t)y+ Fa(t).

Type 3: From Case 7 - Case 10, we obtain solutions

tanh(\/_é) tanhz(\/_Ré)

60
U31—aoi

25

+ |%sech(\/_l?§)[litanh(\/j?§)], (3.51)

where ag = (6258°RyF (1) +6a* — 2502 8) /25023,
& =—ox/5V=RB+F(t)y+R().
Remark 4:

1. When setting the arbitrary functions F1(t) = —da

/ 10v/—RB and Fp(t) = —ca / 10/—RB, solution
(3.49) is the same as the solutions obtained in [8, 9,
13, 17, 25, 26].

2. When setting the arbitrary functions F1(t) = —da
/ 20/—RB and F,(t) = —ca / 20/—Rp, the solutions
obtained in [17] can be recovered by (3.50).

25ﬁ
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Fig. 1. The solution (3.49), whereR= —0.1, o =2, =
y=1,7y=3,Fi(t) =t?sint, Fp(t) = cost.

ﬁ/ I||||I|
jiih! ,'Il"|||||"|||

[1imh i !
I
I‘:L

Fig. 2. Thesolution (3.49), whereR= -1, = -2, = 3,
y=1,7=23 F(t) =ttant, F(t) =t

3. When setting F (t) = —da / 5v/—RB and F>(t) =
—ca / 5v/—Rg, solution (3.51) includes the solution
obtainedin [13].

4. Using the generdized hyperbolic-function
method [18, 19], we only obtained the solutions
(3.49) and (3.51), but we did not obtain other formal
solutions.

Asillustrative samples, some properties of the solu-
tions (3.49) - (3.50) are shown by Figures 1-4.

4, Conclusions

Based on computerized symbolic computation, by
introducing a new, more general ansatz than the ansatz
in the extended tanh-function method, the modified
extended tanh-function method, and the generalized
hyperbolic-function method, we propose a general-
ized Riccati equation expansion method for search-
ing for exact soliton-like solutions of nonlinear partial
differential equations (PDES), implemented by com-
puter symbolic systems. Making use of our method and

- Soliton-like solutions of Some Nonlinear Evolution Equations

Fig. 3. The solution (3.50), where R=—1, oo = 3, 8 = 4,
y=6,7=2 F(t) =tsint, K(t) =t.

Ge+30
de+30
2e+30

Fig. 4. Thesolution (3.50), R= -1, 0 =3, =4,y=6,
Y=2FRt)=t Rt)=t.

maple, we studied the cKdV equation, the PKP equa-
tion, and the two-dimensional KdV-Burgers eguation
and obtained new families of exact solutions. In our
exact solutions, therestriction on £ to be alinear func-
tion x,y,t is removed and, with no extra effect, singu-
lar soliton-like solution and periodic solutions are ob-
tained. It is shown that our method can not only deal
with constant coefficients of nonlinear evolution equa-
tions (NEEs), but also with variable coefficients. To
make the work feasible, how to choose the forms of
ap, &, bi, ki i=1,---,m) and & in the ansatz is the
key step of our method. The method, proposed in this
paper for one equation, may be extended to find exact
solutions of other NEEs and coupled NEEs.
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